
2.5 Shallow water equations 53

Table 2.4.1. Summary of wave characteristics and the filtering approximations
(adapted from Zhang, personal communication, 1996).

Type of wave Filtering
(typical amplitude) Phase speed Restoring force approximations

Acoustic (less than
0.1 hPa, noise
level)

√
γ RT (320 m/s) Compression Hydrostatic

anelastic quasi-
geostrophic

External gravity
(if initial
conditions are
not balanced,
10 hPa)

√
gH (320 m/s for
H = 10 km)

Gravity No free surface at
the top or the
bottom, or no
net column mass
convergence

Internal gravity
(0.1–1 hPa) ∼ 1

k

√
N 2k2

k2 + n2
∼ N/k

(50 m/s for L =
30 km)

Buoyancy
(gravitational
acceleration
within fluid)

Neutral
stratification
(N = 0), or
∂∇ · vH

∂t
= 0

Inertia f/k (15 m/s for
L = 1000 km)

Coriolis force ( f ) No rotation
( f = 0)

Rossby (20 hPa) U − β/k2 (relative
phase speed ∼ 20–
50 m/s depending
on L)

Variation of f with
latitude (β effect)
dς/dt = −βv

Constant f
(β = 0)

(2) With the hydrostatic approximation, the geopotential energy gz and the
internal energy CvT of an air column are related to each other,
since∫∞zs

ρgz dz = ∫∞zs
−(∂p/∂z)z dz = [−pz]∞zs

+ ∫∞zs
pdz =

pszs + ∫∞zs
ρRT dz. Here the subscript s represents the earth’s surface, and

limz→∞ pz = 0 is assumed. So, when zs = 0, the ratio of the potential to the
internal energy of a column is equal to R/Cv = 0.4. When zs is not constant,
the total potential energy (Lorenz, 1955) is given by∫ ∞

zs

ρ(gz + CvT )dz = pszs +
∫ ∞

zs

ρCpT dz

2.5 Shallow water equations, quasi-geostrophic
filtering, and filtering of inertia-gravity waves

Consider now the SWEs (Fig. 2.5.1), valid for an incompressible hydrostatic motion
of a fluid with a free surface h(x, y, t). “Shallow” means that the vertical depth
is much smaller than the typical horizontal depth, which justifies the hydrostatic
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